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Gradient descent

We consider the optimization problem

in £(6).
(?éﬁ@()

For a small step v € RY, the first-order Taylor expansion gives
(6 + v) =~ f(0) + VF(H) v.
So to decrease f, we want to choose v such that

V() v < 0.

Gradient descent (GD) starts from an initial point 6, € R?, and updates by
9t+1 = 9f - nyf(Qt), t> 0.

Here we choose a fixed stepsize v > 0 for theoretical analysis. One can also
consider a varying stepsize sequence (7¢)¢>o.
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Objective

In this lecture, we study whether gradient descent converges and how fast it
converges under three assumptions:

® convexity + Lipschitz;
® convexity + smoothness;

® strong convexity+ smoothness.

We will analyze two notions of convergence:
® parameter convergence: how f; approaches 6*,
¢ function-value convergence: how f(f;) approaches f(6*).
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Outline

Vanilla analysis

Statistical Optimization 4/47



Vanilla analysis

Let (0¢)+>0 be generated by gradient descent
Ory1 = 01 — yVI1(6),
and let 6* be a minimizer of a convex function f. Define
gt := VI£(6).

Then for every integer T > 1, we have

T—1 T—
<7 2 1 * 2

f(0r) — F(0%)) < = — 16 — 0*||*.

2 (0r) — 22:;|gtu + o160 ="l
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Proof of vanilla analysis

Proof. Since fis convex, we have
F(0*) > £(0r) + VF(0:) T (6% — 0).
Rearranging and use g; := Vf(0:), gives
f(6:) — f(6") < g{ (6 — 67).

So it suffices to bound
g{ (0: — 0%).
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Proof of vanilla analysis

From the gradient descent update, 6¢11 = 6+ — vgt, hence

_ O — Or1
i

gt

Therefore,

gt (0 — 0%) = —(0r — Or11) T (0 — 0%).

1
v
Now apply the identity

2w = VI’ + ] — [lv - w|?
with

V:91—9f+1, W:0t—¢9*.

We obtain

* 1 * *
of (0= 6%) = 5 (16 = Oeaall* + 60 = 01 16051 — 6°I).
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Proof of vanilla analysis

Since 6; — 011 = gy, this becomes
of (00— 0%) = Flael* + 5 (10 = 0°1 = 6es1 = 0°]).

Summingovert =0,...,T — 1, the right side second sum telescopes, so we get

o _ *
ng (6~ 07) Zugfu%—(ueo—e 12 - ller - 61%)
and hence -
* '7 2 1 * (|2
th (0r — 67) 22%”91‘“ +5||90—9 [
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Proof of vanilla analysis

Finally, using
f(0r) — F(0*) < g{ (6: — 0%)

for each t, summing fromt =0to 7T — 1 gives

T—1 T—
* /7 2 1 * |2
> (f(6r) — 7(6)) 52\\@!1 +5H90—9 [I°.
t=0 t=0
This completes the proof. O
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What the vanilla analysis tells us

e Question: Is this result strong? In general, the answer is no.
e Limitations of the bound:

® Dependence on ||y — 0*|| is expected (farther start — longer time).

® The dependence on the squared gradients Ztr;é lgt||? is more of an issue, and if
we cannot control them, we cannot say much.

® |nterpretation:

® The result provides a guarantee but is not yet very informative.
® Stronger assumptions (e.g., smoothness) will be needed for sharper convergence
rates.
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Outline

Lipschitz convex functions: O(1/<?) steps
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Lipschitz convex functions

Definition. A function f: R — R is called B-Lipschitz if

[(6) — f(n)| < BII6 —nll, V6,7 €R.

If fis differentiable, this is equivalent to

|VFO)| <B, V0ecR

Remark. This is a rather restrictive assumption. For example, f(f) = 62 is not
Lipschitz on R, since V£(#) = 26 is unbounded.
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Average error bound with Lipschitz convex functions

Theorem (average error bound with Lipschitz convex functions)

Let f: RY — R be convex and differentiable, and let 6* be a global minimizer. Assume
that

|60 —60%|| <R and ||VF(0)|]| <B forallé.

Choose the stepsize

Then gradient descent yields
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Proof of Theorem

Proof. From the vanilla analysis,

T—1 T—
1

> (F0r) — £(6) gz lgel” + 51160 - 6°11”.

t=0 t=0 v

Using the assumptions

160 — 0" <R, lgtll = VB[ < B,

we obtain
T—1 ~y R2
(f(@t) — (0 )) 58 T+ %
t=0
Now define
27 R?
q(v) == 55 + 2y
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Proof of Theorem

To get the best bound, we minimize q(~) over v > 0. Setting ¢’(y) = 0 gives

R
T BT

Substituting this choice back yields

T—1

> (f(0:) — £(6%)) < RBVT.

t=0
Dividing both sides by T, we get

T—1

1 RB

= f(0:) — f(07)) < —.

72 (0 —f0%) < T2
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Theorem result analysis

® To guarantee

gradient descent requires at least

R2B?

r>—

9

iterations. The required number of iterations can be extremely large.

® On the positive side, the iteration complexity does not depend on the dimension
d of the space, which is crucial for high-dimensional optimization problems.

e Although R (initial distance to optimum) and B (gradient bound) may depend on
d, in many practical cases this dependence is mild.
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Outline

Smooth convex functions: O(1/¢) steps
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Smooth convex functions

We now introduce a condition that gives an upper bound on the function value by a
quadratic approximation.

Definition Let f : dom(f) — R be differentiable, let © C dom(f) be convex, and let
L > 0. We say that fis L-smooth over O if

L
fn) < (0) + VAO) ' (n—0)+ Slln—0I°,  v.ne®.

If © = dom(f), we simply say that fis L-smooth.
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Smooth convex functions

Figure: A smooth convex function
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Sufficient decrease under smoothness

Lemma (Sufficient decrease lemma)

Let f : R? — R be differentiable and L-smooth. With stepsize
1
Y= [’
gradient descent satisfies

1
f(Or41) < f(0r) — ﬂ”Vf(et)Hz, t>0.
Remark. This does NOT require convexity; smoothness alone is enough.
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Proof of Lemma

Proof. From L-smoothness and the update rule
1
Ot11 = 0 — ZVf(Qt),

we obtain .
f(Ory1) < F(01) + VF(Or) " (Or11 — 01) + S r+1 = 01>
1 2 1 2
= f(0) = LIVAOII" + o [IVFE:) |

= (60) — 57 VA6
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Convergence with smooth convex functions

Theorem (Convergence with smooth convex functions)

Let f: R? — R be convex, differentiable, and let 6* be a global minimizer. Assume
that fis smooth with parameter L. Choose the stepsize

1
1=
Then gradient descent yields

L
flbr) — F67) < 5=l60— 0717, T2 1.

Corollary. If we write R? := || — 0*||?, then it suffices to take T > % to guarantee
f(0r) — f(0*) < e.
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Proof of Theorem

Proof. First by sufficient decrease lemma,
f(Or+1) < F(0r) — *HVf (00)]%.

Summingovert=0,...,T— 1, we get

-1

! Z VO <> (F(6r) — F(Be11)) = F(Bo) — F(6r).

t 0 t=0

Besides, using v = % in the vanilla analysis, we get

T—1 —1
1
F(0y) — F(6%)) < — £(0:)]2 + = *||?
?0:( (0r) = 1(07)) < 5; tEOHV 001 + H90 Al
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Proof of Theorem

Using (7.1) to bound the gradient sum in the vanilla analysis, we obtain

-
[y

(F(6r) — 6*)) < F(60) — F(6r) + 5160 — 0]

Il
o

Rearranging gives
r
L
D> (f(0r) = £(67)) < 51160 — 0”1
t=1
Since f(0¢4+1) < f(6:), we have

T

;(f(‘)f) —f(07) < QLTHGO — 0>

f(0r) — f(07) <

e
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Equivalence of smoothness

Lemma (equivalence of smoothness)
Suppose that dom(f) is open and convex, and that f : dom(f) — R is differentiable.
LetL > 0. Then the following are equivalent:

(i) fisL-smooth.

(ii) The function

g(6) == %eﬁe _ £(0)

is convex on dom(g) := dom(f).
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Proof of lemma (i) — (i)

Proof of (i) — (ii). Let 0,7 € dom(f). Then
an) — g(0) ~ Vg(6) (0 —0) = £l — () — (51011 — £0)) ~ (L0 — V0T ( )
= = (Inli> = o1 — 267 (n — ) ~ (fGn) ~ 76) = VA6) " (n ~ 0))
= Slin— 011> — (fon) — 76) — VH6) (0~ 6)).
By L-smoothness of f,
fln) — 1(6) ~ VAO) (n— 0) < £}y — 61,

hence

a(n) —g(0) —Vg(®) " (n—0)>0—g(n) >g(®) +Vg(®) (n—0), o,

SO g is convex. O
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Proof of lemma (ii) — (i)

Proof of (ii) — (i). Assume that g is convex. Then for all 6,7 € dom(f),

a(n) >g(0) +Vg®) ' (n—6).

That is, , ,
Sll> = ) > S 161> — £6) + (L6 — VF(9)) " (1 - ).

Rearranging gives
L
f(n) < £(8) + V)" (1 —6) + 3l = 011%.

Thus fis L-smooth.
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Quadratic functions are smooth

Lemma (Quadratic functions are smooth)

Let
f(0)=0"004+b"0 +c,

where Q € R¥*? js symmetric, b € R?, and ¢ € R. Then f is smooth with parameter

L =2[joll,

where ||Q|| is the spectral norm of Q.
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Proof of lemma

Proof. Since
V£(0) =200 + b,

we have
f(n) — £(0) — VF(O) (n—0) = (n" On — 67 00) — (200 + b) " (n — 0)
= (n—0)"0(n—0)
< [0l [In — 011,

Therefore, .
f(n) < f(0) + V()" (n — 0) + 5ln = 0|

with L = 2],0]].

Statistical Optimization 29/47



Equivalence of [-smooth

Lemma (equivalence of L-smooth)

Let f : R? — R be convex and differentiable. Then the following are equivalent:
(i) fis smooth with parameter L.
(i) [IVF(0) = V)| <LI|0—nl, V0, eR
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Proof of Lemma (i) — (ii)

Proof of (i) — (ii).
Step 1. Assume that fis L-smooth. For any fixed 6, define

fo(2) := f(2) = VF(0) 2,
and similarly, for any fixed 7, define
fn(2) :=f(z) — Vf(n)'z.
It is easy to check that fy and f,, are still convex and L-smooth, and
Vfy(0) = VF(6) — Vf(0) =0,

S0 0 € arg min, fp(z). Similarly,
n € argmin f,(2).
V4
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Proof of Lemma (i) — (ii)

Step 2. For any L-smooth function g and any u, v, we have
T L 2
9(v) = g(u) +Vg(u) (v —u) + gllv—ul”.
By settingv =u — ng( ) in L-smooth condition, we get
1 1 )
g(u-;Vg(v)) < glu) - --IIVg(u)|*
L 2L
Apply this to g = fy at u = 7. Since 8 minimizes fy,

10(6) < fo (n — 7V a(m)) < o) — o[ Vo(a)”

Hence 1
fo(n) = £0(0) = 5 Vs ()
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Proof of Lemma (i) — (ii)

Step 3. Now
fo(n) — fo(0) = f(n) — £(0) — VA(0) " (n - 0),
and
Vity(n) = VH(n) — VH(0).
Therefore,
f(n) — (0) — VA(0)T (n—0) > %IIVf( ) = VH©O)|.

Swapping ¢ and 7, we also get

f(8) — f(n) = V() (0 —n) > 217||Vf(9) — V).

Adding the two inequalities yields
(VH(8) = V()" (6 —n) = *HVf( ) = V()|
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Proof of Lemma (i) — (ii)

Step 4. By Cauchy-Schwarz,
IV () — VEm)|* < L(VAO) — V)T (6 —n) < LIIVAO) — V)| 6 —n].
If V£(0) # Vf(n), divide both sides by | Vf(#) — Vf(n)|| to obtain
IVF(O) = V)| < L6 —nl.

This proves (ii). O
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Proof of lemma (ii) — (i)

Proof of (i) — (i). Define g(t) := f(t(6 — ) +n) for t € [0,1].
f(0) — f(n) — VAn) T (0 —n) = g(1) — g(0) — V(n) " (6 —n)
1

g'(t)dt —Vi(n)' (0 —n)
(VAEO —n) +n) — VEn)) (0 —n)dt

1

; V£t —n) +n) = V)| |0 —nl dt

< / L]0 — |2 dt
0

L
=216 — >
116 ]

I
Q

I
c\o
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Proof of lemma (ii) — (i)

Hence .
f(6) — f(n) = V()" (6 —n) < 110 =l
Rearranging gives

A(0) < F(n) + V) (0 — ) + 516 ]

This is exactly the definition of L-smoothness.
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Properties of smoothness

Lemma (Properties of smoothness)

(i) Iff1,...,fm are smooth with parametersLy,...,Lmand A1, ..., Am € Ry, then

m

fi=> \f;

i=1

is smooth with parameter " | AiLj on dom(f) = (., dom(f).

(ii) Iff: dom(f) — R is smooth with parameter L and g(6) = A + b is affine, then
f o g is smooth with parameter L||A||? on

dom(fog) ={6 € R": g() € dom(f)}.

Statistical Optimization 37/47



Proof of Lemma (i)

Proof of (i). For each /, since f;is Li-smooth,
L.
fi(n) < £i(0) + VAi(0) " (n = 0) + 5 In — 0II*.

Multiply by \; > 0 and sumoveri=1,...,m. Then
1 m
fn) < £8) + VHO) (= 0) + 5 (D M) I — 0]
i=1

Hence fis smooth with parameter 27;1 Al ;. O
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Proof of Lemma (ii)

Proof of (ii). Let
h(6) := f(A6 + b).

For any 6, n, define
u:=A0+b, v:=An+b.

By L-smoothness of f,
L
f(v) < f(u) + VF(u) ' (v—u) + §Hv —ul?.

Since
V—u= A(’? - 6)7
we get
L
f(An + b) < f(A0 + b) + VF(AD +b) "A(n — 0) + 5HA(n —0)>
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Proof of Lemma (ii)

Also,

Vh(#) = ATV(AO + b),
and

A — ) < [|Alllln — oIl
Therefore,

HAH2

h(n) < h(8) + Vh(0)" (n - 6) + ln = 01*.

So h is smooth with parameter L||A||?.
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Outline

Smooth and strongly convex functions: O(log(1/¢)) steps
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Theorem (Convergence with smooth and strongly convex functions)

Let f: RY — R be convex and differentiable. Assume that f is L-smooth and strongly
convex with parameter 1 > 0. Choose

1
’Y—L-

Then gradient descent with arbitrary initial point 6, satisfies:

(i) Geometric decay of squared distance:
181 =017 < (1= T) 16— 012 =0,
(i) Exponential decay of function error:

* L :U*T * (12
- <-(1-EF — > 1.
for)—f(6") <5 (1-15) lo—0*% 721
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Proof of Theorem (i)

Proof. We start from the vanilla analysis that
VBT (0~ 0%) = JIVABI + o (16— 02— 601 — 7). (12)
2 27y
By strong convexity, with § = 6; and n, = 6%,
* T (p* H * 12
F(0") > F(00) + VF0) " (0" — 0r) + 510 — 0[],
Rearranging gives

V0T (B — 0%) > f(6;) — F(67) + %Het — |2,
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Proof of Theorem (i)

Combining this with (7.2), we obtain

1 * « o o M w2
o (100 = 071 = s = 0%1) > #(60) — £(6%) + 5100 = 0°I* = JI9A(00)|*
Rearranging,

16e41 — 07117 < 29(F(0%) — £(6r)) + VI VAO)? + (1 — p)ll6e — 0%, (7.3)

By sufficient decrease lemma, we know

(0) ~ F60) < (Brsr) — F80) < — 5 VA6
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Proof of Theorem (i)

Using v = % combining above inequality with (7.3) yields
861 = 0°[12 < (1= ) 18c = 07112 = (1= £1) llor — 6|
lterating this bound gives
Jor— 017 < (1) 15 - 072

This proves part (i).
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Proof of Theorem (i)

To prove part (ii), use smoothness at 6*:
L
f(07) < F(0%) + VF(0*) T (0r — %) + S llor = 0*|2.

Since 0* is a minimizer, we have
VF(6*) =0

Therefore,
f(Or) — (%) < *H@ — 0",

Using part (i), we obtain

flor) — 6y < 5 (1= ) 1o — %)

[\
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Summary

Gradient descent alone does not guarantee a sharp rate. The vanilla analysis only
yields the cumulative bound

To obtain explicit convergence rates, we need additional assumptions on f.

-1

S (6) - £(6%))

t=0

T
’7 2 * |2
5§:HVf%H + 5100 =6

smooth &
Lipschitz smooth
strongly
convex convex
convex
functions functions
functions
gradient
O(1/?) O(1/¢) O(log(1/¢))
descent
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